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Abstract-Here we consider a general approximation-solvability scheme involving A-regular oper- 
ators-a generalization of A-proper operators-introduced and studied by Petryshyn [l] and further 
studied by Milojevic’ [2], Petryshyn [3], and others. Among significant applications, A-regular version 
of the Petryshyn theorem is given. 
1. INTRODUCTION 
We consider an approximation scheme ~0 = {X,, Y,, E,, , R, , Q,,) represented by Figure 1. 
XA-Y 
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x, A, Y, 
Figure 1. 
Here X and Y are infinite-dimensional normed spaces over K (the real or complex field), and 
X, and Y,, are finite-dimensional normed spaces over K for all n. For all n, E,, : X, -+ X, 
Q,, : Y + Y,,, and &, : X -+ X, are connection operators. The operator A : X ---) Y is defined 
by A,, = QnAEn, that is, Figure 1 is commutative. 
Petryshyn [1,3,4], in a series of papers, studied the problem: construct a solution z of the 
equation Az = b, t E X, b E Y, as a strong limit of solutions zfl of the simpler finite-dimensional 
equations (the so-called approximate equations) Ant, = Q,,b, z,, E X,, n = 1,2,. . . , with re- 
spect to the approximation scheme ~0. In order to solve this problem, Petryshyn developed the 
notion of the d-properness of the operator A : X + Y, which is not only closely connected 
with the approximation-solvability of the equation Ax = b, but it extends and unifies investiga- 
tions concerning Galerkin type methods for linear and nonlinear operator equations with other 
newer results in the theory of strongly &monotone and accretive operators, operators of the 
type (S), ball-condensing and other mappings. The d-properness is equally applicable to the 
approximation-solvability of abstract semilinear equations of the form 
Ax+Nx= f, (1) 
where A is a Fredholm mapping of index zero and N a quasibounded nonlinear mapping such 
that A+ N is d-proper. Among the significant applications of these results is the approximation- 
solvability of semilinear elliptic equations of the type 
Ax+F(x,u,Du ,..., D*“u) = f (2) 
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exhibiting double resonance with F having a linear growth. It is known that many boundary value 
problems for ordinary and partial differential equations can be formulated as abstract operator 
equations of the type (1) if the operators are chosen in suitable spaces. While the d-properness 
has the tremendous power of unifying several classes of d-proper mappings, it is not strong enough 
to give any information about the existence of solutions of the finite-dimensional approximate 
equations, and even if they exist and are uniformly bounded, there exists just a subsequence 
converging to some solution. This leads one to expect that the numerical applications of d-proper 
mappings are feasible under extra arguments. For more selected details on the approximation- 
solvability involving d-proper mapping, we refer to [l-5]. 
In this paper, we first, consider the approximation-solvability of the equation Ax = b in the 
context of the d-regularity-a generalization of the d-properness-in general normed spaces. 
Then, we apply the obtained results to approximation schemes in Banach spaces. 
2. GENERAL APPROXIMATION-SOLVABILITY 
THEOREM 2.1. Let ~0 = {X,,,Y,,,E,,R,,,&,,} b e an approximation scheme represented by Fig- 
ure 1 with the following assumptions: 
(Al) ADMISSIBLE APPROXIMATION SCHEME. ?ro is an admissible approximation scheme, that 
is, the following hold: 
(i) X and Y are infinite-dimensional normed spaces over K (the field real or the field 
complex); 
(ii) X, an d Y, are finite-dimensional normed spaces over K with dim X,, = dim Y, for 
all n; 
(iii) For all n, connection operators Qn : Y + Y, are nonlinear with Ij&,,bll L y(b) for 
each b E Y, where y(b) > 0, and is independent of n. The other connection operators 
R, :X-+X, andE, :X, + X are nonlinear with E”(O) = 0 for all n. All operators 
A, = QnAE,, are nonlinear and continuous, where the operator A : X + Y is also 
nonlinear. 
(A2) CONSISTENCY. ?ro is consistent, that is, for all x E X, ,,liir IlQ,,Ax - A,R,,xlly,, = 0. 
(A3) STABILITY. ?ro is stable, that is, for all u, v E X,, there is an no such that JIA,u-A,ully, 2 
~(llff -vllx,) for all n 2 no. Here p : IR+ + FL+ is a gauge function, that is, p is continuous 
and strictly monotone increasing with ~(0) = 0 and p(t) + 00 as t ---) 00. 
Then the following conditions are equivalent: 
(Cl) SOLVABILITY. For each b E Y, the equation Ax = b has a solution. 
(C2) DISCRETELY UNIQUE APPROXIMATION-SOLVABILITY. The equation Ax = b has a dis- 
cretely unique approximation-solvability, that is, for each b E Y, the following hold: 
(i) For each n 2 no, the approximate equation A,,x,, = Q,,b, x, E X,,, has a unique 
solution; 
(ii) The equation Ax = b has a discretely unique solution; 
(iii) The sequence {x,,} converges discretely to the solution x of the equation Az = b in 
the sense that ,,lirnm [lx,, - &x11x, = 0. 
(C3) d-REGULARITY. The operator A : X -+ Y is d-regular with respect to the approxima- 
tion scheme ?ro, that is, if, given any bounded sequence {xn} with Anx, 5 b (that is, 
lim llAnxn - QnbllYn n+oo = 0), there exists a subsequence (2,)) and an x E X such that 
X,,I 5 x and Ax = 6. 
3. d-REGULARITY IN BANACH SPACES 
Let ~1 = {X,, X;, E,,, R,, Ez} be an approximation scheme represented by accompanying 
Figure 2. 
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Figure 2. 
Here X is a real reflexive separable infinite-dimensional Banach space. Let {X,} be a Galerkin 
scheme in X with X, = span{el,, . . . ,enfn}, n = 1,2,. . . . Let E,, : X, + X be the embedding 
operator with X, c X. The connection operator R,, : X --+ X,, is constructed in a manner that, 
for each z E X, there exists at least one element &z such that 11~ - l&z11 = dist(z, Xn). Let all 
operators A,, = EZAE,, be continuous. Consider the operator equation Ax = b, x E X, b E X’, 
along with the approximate equations 
A,,x, = E;b, 2, E X,, n= 1,2,..., (3) 
with respect to approximation scheme ~1. 
For n= 1,2,..., approximate equations (3) are equivalent to Galerkin equations [Ax,,ej,] = 
[b,ej,],~,EX,,j=l,... , n’, where [e, .] is the dual pairing between X’ and X. 
THEOREM 3.1. Let 7r1 = {X,,X;,E,,R,,E;} b e an approximation scheme represented by 
Figure 2. If the operator A : X --+ Y is continuous and uniformly monotone, then A is A-regular 
and, for each b E X’, the equation Ax = b, x E X, is uniquely approximation-solvable. If 
C : X -+ X* is compact, then the operator A + C : X + X’ is A-regular. 
PROOF. Under the assumptions, it follows easily that ~1 is an admissible approximation scheme 
with the consistency and stability ensured by the uniform monotonicity of the operator A : X + 
X’. To this end, it suffices to show that A is A-regular. Let sup 11x,,lj < 00 and Anxn 3 b in X’ 
for x, E X,. Since X is reflexive, there exists a subsequence, again denoted by {x,,}, such that 
x, % x in X. It follows from the construction of the operator R, : X -+ X, that 112 -&XII + 0. 
This implies that b - AR,,x * b - Ax as n + 00. Thus, x, - R,x -5 0. Now, by the stability 
condition, we have (as n + oo) 
P(ll~n - Rnxll) 11~ - &4l 5 [AA - An&x,x,, - &xl 
= [A ,,x,, - E;b + E;b - A,R,,x, I, - R,x] 
= [Anxn - E;b, x, - R,x] + [E;b - A,R,,x,x, - R,x] 
= [Anxn - E;b, 2, - R,x] + [E;b - E;A&,x, x, - R,x] 
= [Anx, - E;b, x, - Rnx] + [b - AR,x, E,,x, - E,,R,x] 
= [Anxn - E;b, x, - R,x] + [b - AR,x, x, - &xl --+ 0. 
It follows that [lx,, - &XII --) 0, that is, x, 2 x. Since A is continuous and (lx - Rnxll + 0, we 
get Ax = b. Hence, A is A-regular, and Theorem 3.1 follows from an application of Theorem 2.1. 
A detailed version of this work will appear elsewhere. 
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